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A theoretical analysis of the discharge behaviour of the porous lead dioxide electrode at low current 
densities is made on the basis of a previously proposed model. The pseudo-steady state approach 
proves to be useful for low rates of discharge, while it fails for rapid discharges. 

The current distribution at low rates of discharge becomes non-uniform during discharge because 
of concentration changes and decreasing porosity. 

The maximum of the current distribution moves inwards into the electrode during discharge, as a 
result of the gradual insulation of the electrode surface by lead sulphate crystals. At the end of a slow 
discharge the electrode material has been uniformly utilized along the depth of the electrode, 
provided that the porosity is sufficiently high. If, however, the initial porosity is less than about 50~ 
the inner parts of the electrode may not always be fully utilized because of the extensive plugging 
of the pores by lead sulphate crystals. 

1. Introduction 

A dynamic model for the porous lead dioxide 
electrode was proposed in a previous paper [1], 
in which numerical calculations for high rates of 
discharge were reported. The rapid discharge is 
the most interesting case as regards transient 
behaviour, since the discharge capacity decreases 
with increasing current density. At low current 
densities the diffusion of acid into the pores is 
not a limiting factor so the electrode material 
can be utilized to a larger extent. Experimental 
studies of the porous lead dioxide electrode [2] 
have, however, indicated that even at low rates 
of discharge the inner parts of the electrode are 
not always fully utilized. 

The purpose of the present paper is to extend 
the previous analysis [1] to the discharge be- 
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haviour of the porous lead dioxide electrode at 
low rates of discharge. 

In order to simplify this analysis the assump- 
tion of pseudo-steady state can be made. This is 
a common assumption in dynamic analyses of 
porous electrodes undergoing structural changes 
[3-6]. In this approach the concentration profile 
is assumed to adjust itself rapidly to the steady 
state corresponding to the actual state of dis- 
charge distribution. It is, however, difficult to 
predict when this approach is adequate, since 
the mass transfer transient process has been 
shown to be completed within a period ranging 
from 10 to 104 s, depending on the system [7]. 
In the present paper a comparison between the 
numerical results of the complete dynamic model 
and the corresponding pseudo-steady state 
model will therefore be made. 

109 



110 D .  S I M O N S S O N  

2. The pseudo-steady state model 

2.1 Formulation of the model 

The model used in the analysis has been des- 
cribed in a previous paper [1]. This model is 
complex to apply since a non-linear partial 
differential equation appears among the equa- 
tions which describe the system. The mathem- 
atical problem can, however, be considerably 
simplified if the assumption of pseudo-steady 
state is made. In this approach the mass transfer 
transient process is assumed to be completed 
within a time which is short in comparison to the 
time needed to produce significant structural 
changes in the porous electrode. Mathematically 
this means that the time derivative for the con- 
centration can be set equal to zero, and an 
ordinary differential equation is obtained instead 
of a partial differential equation. The computa- 
tional problem is thus considerably simplified. 

As a further simplification, in the case of low 
currents, the convective contribution to the mass 
transfer will be neglected, since calculations have 
shown that this term has a negligible effect on 
the results, 

The following symbols will be used in the 
analysis: 

a dimensionless parameter, ~c~ 
ILF 
F(D 1 --  D2)co b dimensionless parameter, 

IL 
c concentration of sulphuric acid, kmol m-  a 
c o concentration of sulphuric acid in the bulk 

electrolyte, kmol m-3 
C dimensionless concentration, c/co 
D c diffusion coefficient, m2s - ~ 
D o diffusion coefficient at the initial conditions, 

m2s- 1 
Di effective diffusion coefficient of species i, 

m2s -1 

E electrode potential, V 
E' dimensionless potential, FEc/RT 
Eo reversible electrode potential at concentra- 

tion c, V 
IL 

f dimensionless parameter, 
2FDoco 

F Faraday's constant, 96.5.106 As (kg 
equiv- 1) 

g dimensionless parameter, 

- S~176 exp ( -  2 F~/~ = o/RT) 
I 

i dimensionless current density, i2/I 
i2 current density in the pore electrolyte, 

Am-2 
I applied, geometric current density, Am-2 
jo exchange current density, Am-2 
L the thickness of one symmetric half of the 

porous electrode, m 
qo initially available quantity of charge per 

unit volume (Asm-3) 
R universal gas constant, joule (kmol deg)-1 
S specific active surface area, m-1 
So initially available active surface area, m-1 
t time, s 
tl the transference number of the hydrogen 

ion 
T temperature, K 
Vp molar volume of PbSO4, m 3 kmol- 1 
V, molar volume of PbO2, m 3 kmol- 1 
x distance co-ordinate from the symmetry 

plane of the porous electrode, m 
1 f 

X degree of discharge, --qo  xdt 
Xmax the maximum fraction of the electrode 

material that can be utilized 
z dimensionless distance, x/L 
e porosity 
eo initial porosity 
r/ overvoltage, E-Er V 

t/' dimensionless overvoltage, F( t / -  t/~ = o) 
RT 

xo conductivity of the pore electrolyte, f~-1 
m - 1  

~Co conductivity of the pore electrolyte at 
initial conditions, f~- ~ m-  t 

Dot 
z dimensionless time, L2 

Introducing the simplifications discussed above 
in Equation 28 in reference 1 leads to the 
following material balance for the steady state: 

0 = ( 3 - 2 q ) f  + ~ z  e-o Do ~z] (1) 

The boundary conditions at z = 0 are: 

i = 0 and OC/Sz = 0. Equation 1 can thus be 
integrated to: 
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~?z ( 3 - 2 t 0 f  - -  i (2) 
Do 

The effect of the decreasing porosity on the 
transport coefficients is taken into account by 
the factor (e/eo)L The value of the exponent p will 
be discussed below. 

The porosity, e, varies according to the formula 

~ = ~ o - V p - V r ( 1 - e o )  X (3) 

where 

�9 1L 
X -Doqo oi azg/dz (4) 

The current distribution at pseudo-steady 
state is described by Equations 27 and 29 in 
reference 1 : 

i =  a(~)"  lf~_~(~E' OC + gq') b{e )  p OC (5) 

~?i X 
- g(1 - ~max ) exp (-- 2t/') (6) 

Oz 

Equation 5 gives an expression for the current 
density in the pores and Equation 6 expresses 
the rate of the electrode reaction per unit 
volume of the electrode. 

The appropriate boundary conditions are: 

~C 
at z = O : q ' =  i -  - 0  

~z 

at z = l : i  = I , C = I  

As initial conditions at t = 0 are taken: 

C(z, O) = 1, X(z, O) = 0 

2.2 Numerical procedure 

The equations above were solved in the following 
stepwise manner: 

1. Starting from the given initial structural 
conditions, the current distribution at the 
steady state corresponding to these condi- 
tions is calculated by simultaneous integra- 
tion of Equations 5 and 6. The concentration 
derivative in Equation 5 is replaced by the 
right-hand expression in Equation 2. The 

numerical integration is carried out by a 
fourth-order Runge-Kutta method. An itera- 
tive 'shot method' is used to solve the boun- 
dary value problem [1 ]. 

2. When the current distribution is known, the 
concentration profile at pseudo-steady state 
can be calculated by numerical integration 
of Equation 2. 

3. The current distribution calculated above is 
assumed to prevail during the time incre- 
ment, Av, and the new values at time Av of 
the state of discharge and porosity are 
calculated by the use of Equations 3 and 4. 

4. The current distribution and the concentra- 
tion profile at the pseudo-steady state 
corresponding to the new structural condi- 
tions are calculated in the same way as in 
steps 1 and 2 above. 

The described procedure is repeated for each 
successive time step until the electrode potential 
decreases rapidly and the execution is terminated 
due to numerical overflow. 

2.3 Comparisons with the complete dynamic model 

In order to investigate when the pseudo-steady 
state approximation is adequate, a comparison 
was made between the numerical results pre- 
dicted by the complete dynamic model and the 
corresponding pseudo-steady state solutions. 
The equations of the complete dynamic model 
were solved by the implicit Crank-Nicolson 
method described previously [1]. The value ofp 
was taken equal to one. 

At high rates of discharge (e.g. - 1000 Am-2) 
it was not at all possible to obtain any pseudo- 
steady state solution. Previous calculations in 
which the structural changes were disregarded 
[1] have furthermore shown that the mass 
transfer transient process is not completed 
before the discharge is terminated. The basic 
assumption of the pseudo-steady state model is 
thus not fulfilled at high rates of discharge. 

At low rates of discharge, on the other hand, 
the pseudo-steady state approach proves to be 
adequate. The results deviate appreciably from 
those of the complete model only during the 
first 5~  of the total discharge time for 5 h and 
20 h discharges (Fig. 1). 
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Fig. 1. Comparison between discharge curves predicted 
by the complete dynamic model (dashed lines) and the 
pseudo-steady state model (solid lines), (Xo = 9 ~ -  lm- 1 
eo = 0"50; (a) Xm,. = 0"70, (b) Xm,x = 0.80. Other 
data, see reference [ll). 

2.4 The effect of  the structural changes on the 
effective transport coefficients 

The molar volume of the reaction p r o d u c t -  
P b S O 4 - i s  about twice the volume of the 
reac tan t -PbO2.  The porosity thus decreases 
during discharge. Taking only the decreasing 
pore cross section into account would lead to a 
linear relation between the effective transport 
coefficients and the porosity. The value of p 
would then be equal to one. It is probable, how- 
ever, that the tortuosity increases as a result of 
the precipitation of lead sulphate. A stronger 
dependence on the porosity than a linear one 
may thus be expected. The exponent p should 
best be regarded as an empirical constant which 
must be determined experimentally. In the case 
of  the porous lead dioxide electrode, the effect 
of the structural changes on the transport para- 
meters is complex. The changes in the effective 
conductivity due to the structural changes 
during discharge have been investigated experi- 
mentally [81. 

The results indicate that the effective conducti- 
vity of the pore electrolyte is fairly constant 
during the first moments of discharge, while at 
higher degrees of discharge the conductivity 
decreases relatively more rapid than the porosity. 
A linear relation between the transport coeffi- 
cients and the porosity is thus somewhat justified 
as a simple, average approximation when the 
extent of discharge is not too great, i.e. for rapid 

discharges. For low rates of discharge, on the 
other hand, a quadratic dependence on the 
porosity would be a better approximation [8]. A 
simple quadratic approximation, i.e. with p -- 2, 
will therefore be used in the pseudo-steady state 
calculations for low rates of discharge. 

3 .  R e s u l t s  and diseussian 
Calculations were carried out for - 2 5  Am -2 
(20 h discharge) and - 7 5  A m -z  (5 h discharge). 
The numerical values of the parameters were the 
same as in [1]. The parameter Xm, x was used 
essentially as a fitting parameter. The influence 
of the porosity was investigated by varying this 
parameter without making any assumptions 
about how the other parameters are affected by 
a change in the initial porosity. 

The shapes of the computed overvoltage-time 
curves were in agreement with experimental 
discharge curves. 

The calculations for a 5 h discharge were 
interrupted when a local concentration of 0.5 M 
was reached in the interior of the electrode, since 
the basic approximations in the model become 
too rough below this value [1]. 

The changes in current distribution during 
discharge are shown in Fig. 2. The general 
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Fig. 2. Changes in current distribution during a 5 h 
discharge. (X~ax = 0"70, other data as in reference 
[11) (1)77 rain; (2) 155 min; (3) 232 min, (4) 284 min. 

pattern is similar to that for high current 
densities [1]. During discharge a reaction zone 
advances from the front surface into the interior 
of the electrode. 
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Fig. 3. Changes in the state of  discharge distribution 
during a 5 h discharge. (Xm,~ = 0"70, other data as 
in reference [1]). (1) 77 rain; (2) 155 min;  (3) 232 
rain; (4) 284 min. 

Fig. 3 shows how the mass utilization is 
distributed along the depth of the electrode at 
different times during a 5 h discharge. The reac- 
tion zone can penetrate deeper into the electrode 
than at higher current densities. In this case, 
however, the material in the middle of the 
electrode cannot be utilized to its practical limit, 
before the discharge is terminated. 

The acid concentration profile varies during a 
5 h discharge according to Fig. 4. The increasing 
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Pig. 4. Changes in the acid concentration profile 
during a 5 h discharge. (X~,~  = 0-70, other data as 
in reference [1]). (1) 77 min; (2) 155 min; (3) 232 
rain; (4) 284min. 

mass transfer hindrance due to the decreasing 
porosity make the acid concentration in the 
middle of the electrode tend to very low values at 
the end of discharge. 

At a 20 h discharge the electrode material can 
be utilized up to the practical limit (Xm,~) along 
the entire depth of the electrode, provided that 
the porosity is not too low (Fig. 5). The discharge 
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Fig. 5. Changes in the state of discharge distribution 
during a 20 h discharge. ( X ~  = 0.80, other data as 
in reference [1]). (1) 309 min; (2) 619 min; (3) 928 
min; (4) 1134 min. 

capacity is limited only by the passivation of the 
electrode surface by nonconducting lead sulphate 
crystals, and is thus proportional to the para- 
meter Xmax. 

Under certain conditions an improved utiliza- 
tion (higher)(max) of the electrode material may, 
however, cause a reverse effect. At an initial 
porosity of 0.50 the discharge capacity is thus 
higher for X m a  x = 0.70 than for Xma  x = 0"80 
(Fig. 6). This paradoxical phenomenon can be 
explained by Equation 3. According to this 
equation, the porosity decreases to very low 
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Fig. 6. Galvanostatic discharge curves for I = - 2 5 A m -  z. 
(a) 80 = 0'60, Xm,x = 0.80; (b) eo = 0.50, X m a  x = 0"70; 
(c) eo = 0"50, Xmax = 0'80; (d) eo = 0'60, Xm,~ = 0"80, 
C(1,t) = 1-0"04 z. Other data as in reference [1]. 
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values when the initial porosity is low and, in 
addition, the parameter AT can reach high values. 
Because of the extensive plugging of the pores, 
the interior of the electrode cannot be fully 
utilized before the discharge is terminated (Fig. 
7). These results are sensitive to the value of the 
exponentp. Withp = 1.5 instead of 2 a uniform 
mass utilization is obtained. 
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Fig. 7. Changes in the state of discharge distribution 
during discharge with -25 Am -2. (So = 0.50; 
Xmax = 0.80, other data as in reference [1]). (1) 309 
min; (2) 567 min; (3) 876 min; (4) 1083 min. 

The effective diffusion coefficient decreases 
during discharge due to the increasing structural 
hindrances. As a result, steep concentration 
gradients are established in the pores even at low 
rates of discharge. This aspect of the structural 
changes is important, since the concentration 
profile affects the potential profile in the electro- 
lyte in a negative way - cf. Equation 5. 

In the case discussed above (with ~o -- 0.50 
and Xm~x = 0"80) calculations have shown that 
the discharge can actually be continued if the 
concentration gradient is obliterated, e.g. with a 
forced electrolyte flow through the electrode. 
This effect has also been observed in practice [8]. 

In the cases discussed above the concentration 
of the bulk electrolyte is constant during dis- 
charge. In an actual battery, however, the con- 
centration decreases during discharge. The 
magnitude of this decrease is determined mainly 
by the ratio between the initial amounts of 
sulphuric acid and electrode material. 

To study the effect of a decreasing acid con- 
centration in the bulk electrolyte a linear decrease 
with time was assigned to this variable. The 
concentration was assumed to decrease to about 
1 M during the time which is equal to the 

obtained discharge time at constant acid con- 
centration in the bulk electrolyte. Computa- 
tions showed that under this condition, a 20 h 
discharge is instead terminated after about 15 h 
(Fig. 6), and a 5 h discharge is terminated after 
about 3 h, (when eo = 0.60 and X m a  x ~-- 0"70). 

At the end of discharge the state of discharge 
distribution is fairly non-uniform along the 
depth of the electrode. The concentration in the 
bulk electrolyte is 2-3 M, while the concentration 
in the middle of the electrode tends to zero. This 
effect is still more pronounced for thicker elec- 
trodes. 

4. Conclusions 

At low rates of discharge the theoretical analysis 
of the dynamic behaviour of the porous lead 
dioxide electrode can be successfully simplified 
by the pseudo-steady state approach. The results 
indicate that the mass utilization is higher and 
more uniform along the depth of the electrode 
at lower rates of discharge. If  the initial porosity 
is low (below 0"50) an improved local mass uti- 
lization may cause a decrease in discharge capa- 
city due to the extensive plugging of the pores. 

When the model is used to predict the per- 
formance of a positive plate in a battery, the 
decreasing concentration of sulphuric acid in the 
bulk electrolyte must be taken into account. 

The original assumptions in the model may 
become fairly rough at the end of an extensive 
discharge with a low current density. At a 20 h 
discharge, the rate equation, Equation 6, is used 
at its lower limit of validity. The effective con- 
ductivity of the matrix phase may decrease much 
faster than that of the pore electrolyte. The 
conductivity of the electrode material, and its 
dependence on the local degree of discharge 
must then be taken into account. 

The model can be improved when further 
knowledge is available about electrolytic data, 
the discharge mechanism, and the properties of 
the electrode material as functions of the local 
degree of discharge. 
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